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ABSTRACT

Estimates of merchantable volume in second-growth forests are made in an environment of high uncertainty. Therefore, there is a
need to develop more flexible predictive models for estimating volume at multi-product level. This research developed compatible
volume and taper equation systems for the native tree species roble (Nothofagus obliqua) and hualo (Nothofagus glauca). Data were
obtained from a destructive sampling of 144 individuals of roble and 196 individuals of hualo. For each tree species, 70 % of the
sample trees were randomly selected for parameter estimates, and the remaining 30 % for model validation. Two compatible volume
and taper equation systems were derived from a segmented and a high-degree polynomial taper model. Error autocorrelation
was accounted incorporating a second-order continuous autoregressive error structure CAR(2). A comparison between the two
compatible systems was made based on the stem diameter and total tree volume predictive capabilities. The inclusion of CAR(2)
in the model error structure allowed to reduce the effect of the autocorrelation generated by the diameter measurements taken
along the stem. For both tree species, the segmented taper model presented the best performance for stem diameter predictions
in comparison to the polynomial taper model. However, both compatible systems showed similar predictive capabilities for total
volume. Based on the results obtained we recommend the use of the compatible volume and taper equation system derived from
the segmented taper model.

Keywords: stem diameter, stem taper, error autocorrelation, merchantable volume, Nothofagus.

RESUMEN

Las estimaciones de volumenes comerciales en renovales se realizan en un ambiente de alta incertidumbre. Por lo tanto, existe
la necesidad de desarrollar modelos de volimenes mas flexibles que permitan la estimacién volumétrica a nivel de productos.
Este estudio presenta la construccidn de sistemas de ecuaciones compatibles de volumen y ahusamiento para drboles de especies
nativas de roble (Nothofagus obliqua) y hualo (Nothofagus glauca). Los datos se obtuvieron de una muestra destructiva de 144
individuos de roble y 196 individuos de hualo. Para cada especie, un 70 % de los arboles fueron seleccionados aleatoriamente para
la estimacién de pardmetros y el 30 % restante para validacién. Se evaluaron dos sistemas compatibles que se derivaron de un
modelo fustal segmentado y de un modelo polindmico de alto grado. La autocorrelacidn de errores fue modelada incorporando
una estructura de error autorregresiva continua de segundo-orden CAR(2). La comparacién entre ambos sistemas compatibles
considero la capacidad para predecir diametros fustales y volumen total. La incorporacion de CAR(2) permitié reducir el efecto de la
autocorrelacion producida por la medicion de diametros a lo largo del fuste. Para ambas especies, el modelo segmentado presento el
mejor desempefio respecto a la prediccidén de diametros en comparacion al modelo fustal polinémico. Sin embargo, ambos sistemas
presentaron una capacidad predictiva similar para el volumen total. Finalmente, se recomienda el uso del sistema de volumen
compatible derivado del modelo fustal segmentado.

Palabras clave: diametro fustal, ahusamiento fustal, autocorrelaciéon de errores, volumen comercial, Nothofagus.
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INTRODUCTION

A sustainable management of second-growth forests
in Chile requires to increase the quantity and quality of
wood produced. It is estimated that this type of forests
structure covers a total area of 4.4 million hectares with
potential for forest management. Moreover, they have
the highest growth rates and contain the tree species
with the highest commercial value that belong mainly to
the genus Nothofagus (Ulloa, 1984). In the Chilean central
region, the Roble-Hualo forest type (after the common
name of its two major tree species, i.e. Nothofagus obli-
qua (Mirb.) Oerst and Nothofagus glauca (Phil.) Krasser)
covers an area of 205,923 ha of which 175,701 ha (85%)
are classified as second-growth forests (CONAF, 2021).
Past studies have shown that these native forest struc-
tures can be managed by applying diverse silvicultural
methods (Aguilera & Benavidez 2005). However, planning
of silvicultural interventions and timber appraisal requires
more accurate prediction of tree merchantable volumes.
Most of the research carried out to develop volume mo-
dels have been focused on tree species belonging to the
Roble-Rauli-Coigle forest type - after the common name
of its three major tree species, i.e. Nothofagus obliqua
(Mirb.) Oerst, Nothofagus nervosa ((Phil.) Dim. et Mil.)
and Nothofagus dombeyi (Mirb.) Oerst. (Kahler, 1993;
Salas, 2000; Hueitra, 2004; Gezan et al., 2009). Despite
the importance of the Roble-Hualo forest type in terms
of the area covered and the potential growth rate, few
studies have developed volume models. Most of these
studies for Roble and Hualo tree species have focused on
the development of volume equations for predicting total
volume or volume until a given merchantable top diame-
ter (Flandez, 1999; Drake et al., 2003; Corvalan, 2015). In
addition, few studies have reported the development of
taper equations models for these tree species (Higuera,
1994; Vallejos et al., 2000). Most of the developed volume
models are based on a small sample of data representati-
ve of a specific geographic area. However, forest resource
management requires volume models that can be applied
across the entire range of geographic distribution and site
conditions. In addition, most of the volume models deve-
loped do not allow for volume disaggregation to assess
the potential recovery of high-value solid wood.

Modern forest management uses taper equations
to predict upper stem diameters and stem volume at
product-level (Kozak, 2004). Due to their flexibility taper
equations have been incorporated into forest inventory
processing systems and growth simulation systems (Trin-
cado & Burkhart, 2006). Another approach is the develo-
pment of compatible volume and taper equation systems.
The concept of compatibility was introduced in forestry
by Clutter et al. (1983) and implies that the volume obtai-
ned from the integration of the taper function from the
base to the total height must equal the volume obtained
using a total volume function. This compatibility can be
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achieved by first estimating the parameters of a taper
equation and then deriving a total volume function using
integral calculus. This procedure ensures that the taper
function and volume function are analytically consistent
(Sharma & Oderwald, 2001). However, since the parame-
ters of this system are obtained by minimizing the sum
of errors of stem diameter and not volume, the volume
prediction can be biased. To avoid this issue, diverse pro-
cedures for a simultaneous parameter estimate for the
equations that conform the system have been proposed
(Fang et al., 2000). This allows for the minimization of the
sum of squared errors to be performed simultaneously for
both stem diameters and volume. A compatible volume
estimation system might consist of a taper equation and
a total volume function (Diéguez-Aranda et al., 2006) or a
taper equation and a function to predict volume between
two stem heights (Coble & Hilpp, 2006). In both cases, the
volume function must be analytically derived from the
taper equation used. More complex procedures for de-
veloping compatible volume systems have also been pro-
posed (Nunes et al., 2010). According to our knowledge,
the construction and evaluation of this type of compatible
models for Chilean native forest tree species has not been
reported.

The aim of this research was the development of a
compatible volume and taper equation system for the na-
tive tree species roble and hualo to be applied in all range
of geographical distribution of second-growth forests be-
longing to the Roble-Hualo forest type. The primary ob-
jectives were to (1) derive a compatible volume system
based on a segmented and a high-degree polynomial ta-
per model, (2) account for error autocorrelation incorpo-
rating a continuous autoregressive error structure CAR(x),
and (3) compare the stem diameter and total volume pre-
dictive capability of the developed compatible systems.

METHODS

Data. Data for the construction of the compatible volu-
me and taper equation systems were obtained from des-
tructive sampling carried out in stands belonging to the
Roble-Hualo forest type located in the Maule and Nuble
regions. This type of native forest is located in the coas-
tal mountain range between 322 50’S and 362 30’S and in
the Andes Mountain range between 34°30’S and 36°50’S.
The first source of data corresponds to stem analysis data
from the project “Construction and validation of diame-
trical growth functions and compatible volume systems
for roble and Hualo in the VI and VII regions” (Trincado,
2022). For this project, 13 sampling points were selected
within the study area and at each point three circular
plots of 400 m? were established. For each tree within the
plot the following variables were recorded: tree species
code, DBH (cm), total height (cm), height at crown base
(m), dominance and stem quality considering attributes
of health condition and stem shape. Within each plot,



between 1 to 3 roble and hualo trees were selected for
further measurements. Only unforked, without broken
tops and healthy trees without anomalies along the stem
were selected for stem profile measurements. Trees were
felled and diameter outside bark (D) at breast height (1.3
m) and total tree height (H) were recorded again for each
sample tree. Afterwards, the stump height and a sequen-
ce of diameters over bark (dob) and inside bark (ib) along
the stem were also recorded. The sequence of measure-
ments along the stem considered a first measurement at
the bole base (i.e. at stump height), a measurement at the
midpoint between the bole base and the D, a measure-
ment at D, a next measurement at 2 m and the following
measurements at 1m intervals until reaching a small-end
diameter over bark of 5 cm. For this project, a total of 47
roble individuals and 74 hualo individuals were selected
and measured. A second source of stem profile data was
obtained from the project “Diagnosis and characterization
of the current state and proposals for methodologies to
evaluate the native forest of Sociedad Forestal Millalemu
S.A. Stage Il Proposals and evaluations of silvicultural in-
terventions” (Nufiez et al., 1992). The procedure used for
measuring stem profiles was similar the previous study
and is described in detail by Higuera (1994). From this stu-
dy a total of 37 roble individuals and 122 hualo individuals
with stem profile data measurements were selected. A
third source of stem analysis data was provided by the
project “Density management diagrams for branch size
control in northern high Andean dominated by roble fo-
rests in the Maule region” (Corvaldn, 2015). In this study,
within each plot established, roble individuals from the
diameter class corresponding to the upper quartile were
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selected for stem profile measurements. The first stem
diameter measurement over and inside bark was taken at
the stem base, a measurement at D, a next measurement
at 2.3 m and after that at 1m intervals until reaching a
small-end diameter over bark of 10 cm. From this project
an additional of 60 roble trees were selected. Thus, for
our study, a total of 144 roble trees and 196 hualo trees
were available for developing and validating the compa-
tible volume system. The volume of each section was es-
timated using the Smalian formula and the last section,
assuming the shape of a cone (Avery & Burkhart, 2001).
The relative stem profiles for each tree species are shown
in Figure 1.

Finally, the available stem analysis data were ran-
domly divided to facilitate evaluation of stem diameter
and total volume predictions. For each tree species, 70%
of the trees were randomly selected for model fitting and
30% were used for model validation (Table 1).

Compatible volume and taper equation systems. Two
compatible volume and taper equation systems were de-
veloped and evaluated for predicting stem diameter and
total tree volume. The first compatible system was deri-
ved from the segmented taper equation proposed by Max
and Burkhart (1976). This model has been shown to accu-
rately estimate upper stem diameters for several planted
tree species as loblolly pine (Figueiro-Filho et al., 1996),
Pinus palustris Mill. (Jiang et al., 2010) and Liriodendron
tulipifera (Jiang et al., 2005). The model consists of three
second-degree polynomials describing the lower, middle,
and upper part of the stem. These polynomials are grafted
together at two join points (a, and a,) with the restric-
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Figure 1. Relative stem profiles of sample trees for Roble (n = 144) and Hualo (n = 196).

Perfiles fustales relativos para los drboles muestra de Roble (n = 144) y Hualo (n = 196).
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Table 1. Description of sample trees used for model fitting and validation.

Descripcidn de arboles muestras utilizados para el ajuste y validacion de modelos.

Fitting Validation
Tree specie

Mean + SE Min Max Mean + SE Min Max
Roble n =101 n=43
D (cm)? 26.1+0.7 9.8 48.5 24.2+0.8 15.8 37.5
H (m) 17.6+04 10.0 30.8 17.4+0.5 11.3 24.5
Total inside bark volume (m?3) 0.43 +£0.03 0.04 1.73 0.36 +£0.03 0.08 0.78
Hualo n=137 n=59
D (cm)? 19.3+0.6 6.3 42.7 20.0+0.8 9.2 36.5
H (m) 145+0.4 6.9 30.6 143 +£0.6 6.5 30.3
Total inside bark volume (m?3) 0.21+0.02 0.01 1.53 0.21+0.03 0.03 1.09

2DBH measured over bark.

tions that the polynomials are continuous and have conti-
nuous first derivatives at each join point.

§:ﬂ1(2—1)+ﬂ2(22—1)+ﬁ3(al ~ZV L+ B (a,-Z) L+e [1]

I.=1if (&-2) 20, 0 otherwise (i =1,2),

where D is the diameter at breast height outside bark
(cm) measured at 1.3 m above the ground, d is the dia-
meter inside bark (cm) at stem height h (m), H is the total
tree height (m), Z=h/H, a,a,6... 6, are the parameters
to be estimated and € is the random error term. After per-
forming the analytical integration of the taper equation,
the following volume equation is derived

Bz:-z)+ 2222 -+ P02 2)

V(h1>h2):KD2H _%{(a]_Zz)le_(al_Zl)sKl} ,[2]

_%{(az _Zz)l']z —(a, _ZI)SKZ}

where Z, = hl/H, Z,= hZ/H, h, is the lower stem height and
h, is the upper stem height for determining the inside-
bark volume (m?) contained between to stem heights v(h,,
h,) considering 0 < h, < h, < H and K =1/40.0000. When h,
=0y h,=H the inside-bark total tree stem volume can be
determined. The dichotomous variables contained in [2]
must take the following values to assure for the correct
use of the formula

Z,<q,

1,
J = =
’ {0, Z >a 42
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Using the same procedure, compatible volume sys-
tems have been developed for various pine and broadleaf
tree species in Turkiye that showed a higher predictive
capacity when compared to previously developed vyield
tables (Brooks et al., 2008; Ozcelik & Brooks, 2012). A
second compatible system was derived from the high-
degree polynomial taper model proposed by Bruce et al.
(1968). This model structure was selected because it has
shown the best predictive capacity for other Chilean nati-
ve tree species (Gezan et al., 2009). The high-degree poly-
nomial taper equation has the following form

Z—ZZ:AX"S+ﬂ2(X1'5—X3)-D+ﬂ3(X1‘5—X3)-H+ 3]
ﬂ4(X1A5 —X32)~H~D+ﬁ5(X"S—XZZ)~H0’5+ﬁ6(X]’5 _XAO)'H2+gI

where X = (H-h)/(H-1.3), 8,..., 8, are the parameters to be
estimated and € is the random error term. After applying
analytical integration of the taper equation, the following
volume equation is derived

) ﬂl E1 +(El ’Ez)'(ﬁz'D+ﬂ3'H)

V(hl’hZ):_K(H_l.”D +(E| —E3)-(ﬂ4~H~D+ﬂ5~H°‘5)+/5'6-H2(E1—E3) [4]

where the variables are defined as _XP X

E,
4 4 33 33 41 41l 23
'R =X2 -X, =X2 -X, =X2 -X, X1=h1/H y

2 4 } 33 ¢ 41

X,=h,/H and all additional variables were defined pre-

viously.

Parameter estimate procedure. The developed system
of equations has two components, a taper and volume
equation that allows estimating volumes between two
given stem heights (0 < h, < h, < H). The parameter es-



timation was performed by applying a simultaneous fit-
ting procedure using the PROC MODEL included in SAS/
ETS® statistical software (SAS Institute Inc. 2017). The fit-
ting procedure used was seemingly unrelated regression
(SUR) introduced in forestry by Borders (1989). This pro-
cedure was applied because the random errors of both
functions are correlated, but none of the endogenous va-
riables of one model appear as predictor variables in the
other model (Zellner, 1962; Judge et al., 1988). In addi-
tion, the data used for developing the compatible systems
correspond to multiple measurements along the stem
that were taken from the same individual, which violates
the assumption of independent observations assumed in
regression analysis (Myers, 1990; Jayaraman & Zakrzews-
ki, 1996). This causes the residuals of the taper model to
be autocorrelated. Even when the estimated parameters
are unbiased, their variance may be underestimated,
which affects hypothesis testing and the construction of
confidence intervals (Schabenberger & Pierce, 2001). The
autocorrelation of the residuals was evaluated using the
Durbin-Watson test and modeled by incorporating in the
taper equations a continuous autoregressive error struc-
ture CAR(x). This structure assumes that the correlation
of errors decreases with increasing distance between two
consecutive measurements made on the same individual
(Gregoire et al., 1995), and can be expressed as

X
hi'_ i
e =2 1P e ey o]
k=1

where e,is the j-th residual for the i-th tree (correspond to
the difference between the observed and predicted stem
diameter of the i-th tree at the j-th stem height), /, = 1 for
j>kandOforj=k(k=1,2,..x),p,is the autoregressive
parameter of order k that must be estimated, hij-hij_k is the
distance along the stem between the j-th height measure-
ment and the j-th-k height measurement within each tree
(hij > hij—k) and g, random error (Pompa-Garcia et al., 2012).
For example, for a first-order autoregressive model CAR(x
=1) the above expression is defined as

e, =Ip" e, +e,
7 = 1P €1

here p, is the first-order autoregressive parameter that
must be estimated. Following the same procedure for a
second-order autoregressive model CAR(x = 2) the error
structure is defined as

—h..

— hij*ijf i 1172
eg/' - lpl 1/ 1+12p2 y 2+g

where |, =1 forj>2and/, =0 forj<2,p, is the second-
order autoregressive parameter that must be estimated,
and hl,j—hij_2 is the distance between the j-th and j-th-2
stem heights within the tree each i-th tree (h,y > hij_z). Inall
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cases, the error term g is considered a random variable
normally distributed with expected mean equal to zero.
According to Zimmerman & Nufiez-Antéon (2001) the se-
lected error structure is appropriate for unbalanced and
non-equidistant data which correspond to the type of
data used to develop taper equations.

Evaluation of predictive capability. The predictive capabi-
lity of the compatible volume and taper equation systems
was evaluated using an independent data set of those
used for parameter estimates (Table 1). The following sta-
tistics were used for the evaluation (Yang et al., 2009)

R ]
e==>(3-3) [6]
n i
e%=100-< 7]
y
RMSE = /¢’ +o’ (8]

where ), is the observed value, }A/i is the predicted va-
lue for the stem diameter or total stem volume for the
i-the observation (i = 1,2,...,n), y is the observed sam-
ple mean for the stem diameter or total stem volume
€ is the mean residual or mean error prediction, O' is
the variance of the error prediction. The mean re5|dual
and the sample variance can be considered estimates of
bias and precision, respectively (Arabatzis & Burkhart,
1992). Finally, we calculated an estimate of the root
mean square error (RMSE) combining measures of bias
and precision. The RMSE was expressed as percentage
of the sample mean and was the main criteria used for
evaluation. For the developed taper equations, the stem
diameter predictive capability was evaluated for relative
height classes.

RESULTS

Parameter estimates for compatible systems. The para-
meter estimates for the taper and volume equations that
make up the developed compatible systems, and the se-
cond-order autoregressive parameters CAR(2) are pre-
sented in Table 2. For both tree species, all parameters
of the segmented taper equation proposed by Max and
Burkhart (1976) were statistically significant (P < 0.05).
In contrast, some of the parameters of the compatible
system derived from the high-degree polynomial pro-
posed by Bruce et al. (1968) were statistically non-sig-
nificant (P > 0.05). These results indicate a better good-
ness-of-fit of the segmented Max and Burkhart (1976)
taper equation to the stem diameter data for both tree
species. A detailed description of the goodness-of-fit
statistics used here for model evaluation can be found in
Myers (1990).
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Table 2. Estimated parameters and goodness-of-fit statistics for the compatible systems including CAR(2).

Pardmetros estimados y estadisticos de bondad de ajuste del sistema compatible incluyendo CAR(2).

Parameters Roble Hualo
Max & Burkhart (1976) Bruce et al. (1968) Max & Burkhart (1976) Bruce et al. (1968)

6, -2.7474 0.866431 -2.89292 0.811306
6, 1.272559 -0.00397 1.353921 0.009229
63 -1.35115 0.015969 -1.57318 -0.00239™
64 20.00919 -0.00002" 5.832213 -0.00004
8, 0.009999 0.004014
6, -0.00012 -0.00006
a, 0.649335 0.688040
a, 0.10317 0.206773
P, 0.384524 0.362367 0.260679 0.257672
P, 0.392228 0.377153 0.249454 0.264354
Taper equation goodness-of-fit

Sy 0.0629 0.0616 0.0926 0.0729

R? 0.9528 0.9567 0.9018 0.9335
Volume model goodness-of-fit

S 0.00541 0.00517 0.0035 0.0030
R? 0.9502 0.9545 0.9557 0.9626

ns = non-significant at P < 0,05.

Modeling error autocorrelation. When the error au-
tocorrelation was not considered during the process
of regression parameter estimate the residuals were
correlated as shown for the Max and Burkhart (1976)
model fitted for roble in Figure 2 (left side). Contrarily,
the incorporation of a second-order autoregressive
structure CAR(2) allowed for reducing the error auto-
correlation that occurs when diameter measurements
are made on the same individual along the stem as
shown in Figure 2 (right side). The same behavior was
observed for both tree species and compatible systems
developed. For both compatible systems, the incorpo-
ration of a second-order autoregressive error structu-
re CAR(2) was enough to reduce the error autocorre-
lation. Another important effect observed was on the
reduction of the parameter estimate standard errors
(not shown).

Comparison of predictive capability. The comparison was
made first with respect to the capability of the developed
compatible systems to predict stem diameters at different
relative heights. Measures of bias in absolute and in per-
centage values, and the root mean square error (RMSE)
by relative height classes are presented in Table 3. As
mentioned previously, the main criterion for comparison
and evaluation purposes was the RMSE.
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For roble the lowest values of RMSE were obtained for
most of the relative heights using the segmented taper
equation proposed by Max and Burkhart (1976). Howe-
ver, from a practical point of view these differences bet-
ween the compatible systems can be considered minor.
The basal stem diameters located below a relative height
of 0.1 are underestimated by the segmented Max and
Burkhart’s taper equations and overestimated by the
high-degree polynomial proposed by Bruce et al. (1968).
Upper stem diameters from a relative height of 0,6 are
overestimated by both compatible systems, increasing
until the top. In general, the largest RMSE was observed
in the middle section of the stem bole (0,5-0,8). The same
comparative analysis is presented for hualo in Table 4.

The segmented Max and Burkhart (1976) taper
equation developed for hualo presented for all relative
height classes the lowest RMSE values. However, both
models can be considered equally competitive in terms
of predicting stem diameters. Prediction of basal stem
diameters located below a relative height 0.1 presen-
ted for both compatible models the same behavior as
roble. Stem diameters are slightly underestimated by
the segmented Max and Burkhart’s taper equations and
overestimated by the high-degree polynomial proposed
by Bruce et al. (1968). Contrarily, for both compatible
systems upper stem diameters are not strongly overes-



timated like roble and an overestimate is observed from
a relative height 0.8 up to the top. Similarly to roble, the
largest RMSE was observed in the middle section of the

stem bole (0.5-0.9).

A second comparison of the developed compatible

systems was made in terms of their predictive capability

of total stem inside-bark volume. For both tree species,
both compatible systems showed similar values of bias
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and error (Table 5). The compatible system tended slightly
to underestimate the stem total volume by 3.3 to 3.4%
and 2.0 to 2.3% for roble and hualo, respectively. For ro-
ble, both compatible systems presented the same RMSE
values, being therefore equally competitive. In contrast,
for hualo the segmented Max and Burkhart (1976) taper
equation presented a lower RMSE than the Bruce et al.
(1968) taper equation.

0.6
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_06 L 1 L L 1
-0.2 00 02 04 06
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-0.2 0.0 02 04 06
LAG2
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Figure 2. Autocorrelation errors for the Max & Burkhart (1976) taper model fitted for roble. On the left-side residuals for lags 1, 2 and 3,
and on the right-side lags after incorporating CAR(2).

Autocorrelacién de errores para el modelo de Max & Burkhart (1976) ajustado para roble. A la izquierda residuales con 1, 2 y 3 retardos y
a la derecha con incorporacién de CAR(2).
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Table 3. Bias and error for inside-bark stem diameter predictions for roble by relative height classes. The lowest value of RMSE for
each relative height class is highlighted in bold.

Sesgo y error para la prediccidn de didmetros fustales sin corteza para roble segun clase de altura relativa. Se destaca en negrilla el menor
valor de RMSE para cada clase de altura relativa.

Max & Burkhart (1976) Bruce et al. (1968)
Relative height n - - - —
€ (cm) é% RMSE (cm) € (cm) e% RMSE (cm)

0.0<h/H<0.1 108 0.53 2.22 1.29 -0.89 -3.72 2.03
0.1<h/H<0.2 75 0.16 0.72 1.20 0.31 1.45 1.21
0.2<h/H<0.3 73 0.,41 2.02 1.23 0.68 3.33 1.34
0.3<h/H<0.4 80 0.64 3.33 1.62 0.98 5.15 1.77
0.4<h/H<0.5 77 0.25 1.52 1.99 0.61 3.72 1.99
0.5<h/H<0.6 75 0.39 2.63 2.13 0.71 4.84 2.16
0.6<h/H<0.7 74 -0.06 -0.54 2.48 -0.01 -0.05 2.43
0.7<h/H<0.8 77 -0.23 -2.78 1.96 -0.49 -5.93 1.99
0.8<h/H<0.9 83 -0.88 -16.75 1.42 -1.16 -22.24 1.62
0.9<h/H<1.0 3 -0.60 -15.24 1.57 -0.75 -18.88 1.57
Total 725 0.14 0.88 1.72 0.03 0.16 1.87

Table 4. Bias and error for inside-bark stem diameter predictions for hualo by relative height classes. The lowest value of RMSE for
each relative height class is highlighted in bold.

Sesgo y error para la prediccion de diametros fustales sin corteza para hualo clase de altura relativa. Se destaca en negrilla el menor valor
de RMSE para cada clase de altura relativa.

Max & Burkhart (1976) Bruce et al. (1968)
Relative height n
€ (cm) é% RMSE (cm) € (cm) é% RMSE (cm)

0.0<h/H<0.1 194 0.48 2.34 1.51 -0.21 -1.04 1.73
0.1<h/H<0.2 95 0.21 1.17 0.88 -0.01 -0.09 0.95
0.2<h/H<0.3 88 0.28 1.72 1.15 -0.12 -0.72 1.18
0.3<h/H<0.4 88 0.07 0.46 1.18 -0.01 -0.10 1.20
0.4<h/H<0.5 94 -0.11 -0.80 1.27 0.05 0.40 1.40
0.5<h/H<0.6 87 0.19 1.62 1.50 0.48 4.07 1.72
0.6<h/H<0.7 83 0.06 0.59 1.96 0.21 2.23 2.13
0.7<h/H<0.8 80 0.12 1.57 1.87 0.02 0.28 1.99
0.8<h/H<0.9 68 -0.03 -0.48 1.58 -0.28 -4.96 1.73
0.9<h/H<1.0 10 -0.14 -3.04 0.51 -0.18 -3.85 0.52
Total 887 14.11 0.18 1.28 -0.01 -0.08 1.59

Table 5. Bias and error for total stem inside-bark volume predictions for roble and hualo. The lowest value of RMSE is highlighted in bold.

Sesgo y error para la prediccién de volumen sin corteza para roble y hualo. Se destaca en negrilla el menor valor de RMSE.

Bias (€) Error (RMSE)
Tree specie Compatible system
m3 % m3 %
Roble (n = 43) Max & Burkhart (1976) 0.012 33 0.056 15.6
Bruce et al. (1968) 0.012 3.4 0.056 15.6
Hualo (n =59) Max & Burkhart (1976) 0.006 2.6 0.026 124
Bruce et al. (1968) 0.004 2.0 0.036 17.1
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DISCUSSION

This research developed new compatible volume
and taper equation systems to be applied in second-
growth forests of the Roble-Hualo forest type located
in the Chilean central region. The compatible systems
were derived from the segmented taper equation pro-
posed by Max and Burkhart (1976) and from a high-de-
gree polynomial taper equation proposed by Bruce et
al. (1968). Parameter estimate was performed using the
procedure seemingly unrelated regression (SUR). Until
now, the development of compatible taper equation
and volume systems has not been reported for native
tree species in Chile and can be considered as a novel
contribution of this research.

The modeling approach applied here accounted
also for the error autocorrelation which originates from
the multiple diameter measurements made along the
stem on the same tree. The error autocorrelation was
reduced considerably when including a second-order
continuous autoregressive error structure CAR(2). This
finding agrees with previous research work on taper
equations which have incorporated successfully the
same type of autoregressive error structures CAR(1) or
CAR(2) for accounting for error autocorrelation (Garber
& Maguire 2003; Rojo et al., 2005). The development of
taper equations for Eucalyptus tereticornis plantations
in Colombia required the incorporation of a third-order
continuous autoregressive error structure CAR(3) to eli-
minate the error autocorrelation (Lépezetal., 2015). Ac-
counting for error autocorrelation is important to meet
among others the assumption of error independence
in regression analysis. However, Kozak (1997) demons-
trated that the predictive capability of a variable-expo-
nent taper equation was not seriously affected when
using autocorrelated data. On the other hand, William
& Reich (1997) investigated the effect that the correla-
ted error structure has on the fit of a taper equation.
They found that accounting for the correlated errors
structure in the equation fitting process significantly
improved fit.

In this study, for both tree species some of the pa-
rameters of the high-degree polynomial taper equation
proposed by Bruce et al. (1968) were statistically non-
significant (P > 0.05). In contrast, all parameters for
the segmented taper equation proposed by Max and
Burkhart (1976) were statistically significant (P < 0.05).
Demonstrating a better goodness-of-fit of this taper
equation to the stem analysis data for both tree species.
However, this issue should not limit its use for predic-
ting stem diameters and stem volume. In general, the
stem diameter and total stem volume predictive perfor-
mance of this model was slightly lower in comparison to
the Max and Burkhart (1976)’s segmented taper equa-
tion. Both compatible systems for roble overestimated
stem diameters at relative heights equal to or greater
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than 0.8 showing a bias over 15%. However, this beha-
vior was not observed for hualo, where the bias was
lower than 5% for the same relative height. This finding
can indicate stem shape differences between both na-
tive tree species that need to be considered in future
studies. Additionally, for both tree species the largest
errors were observed in the middle portion of the stem
bole. It can be explained by the branching habits of de-
ciduous tree species that might influence the stem sha-
pe. Regarding total stem volume prediction, the develo-
ped compatible systems presented for both tree species
a similar performance in terms of bias and error (RMSE).
For both compatible systems the bias was low and did
not exceed 3.4% and 2.6% for roble and hualo, respec-
tively. They showed a slight tendency to underestimate
total stem volume and the error in percentage values
was of 15.6% for both compatible systems for roble,
and 12% for the compatible system derived from the
segmented taper equation and 17% for the compatible
system derived from the high-degree polynomial taper
equation for hualo.

The comparison performed between the two deve-
loped compatible systems in terms of goodness-of-fit
and goodness-of-prediction indicates that the compati-
ble system derived from the segmented model propo-
sed by Max and Burkhart (1976) was the best. For both
tree species, the average predicted curve applying the
Max and Burkhart’s segmented taper equation overlap-
ped to the validation data is shown in Figure 3.

In previous research, Gezan et al. (2009) determined
that for the main tree species of the Roble-Rauli-Coi-
hue forest type the Bruce et al. (1968) taper model and
the variable-exponent taper model proposed by Kozak
(1988) presented the best predictive capacity compared
to other types of stem models. However, in their study
the segmented model proposed by Max and Burkhart
(1976) was not considered in the comparison.

At the beginning our research aimed to compare the
predictive capacity of the developed compatible systems
against previously reported taper equations. However,
for these tree species, forest type and geographic loca-
tion, the only studies conducted have been reported by
Vallejos et al. (2000) and Higuera (1994). In the case of
Vallejos et al. (2000), the taper equation developed mo-
deled the stem diameters over bark, and not inside bark
as was done in the present study. This makes it unfea-
sible to compare the predictive capacity with the com-
patible volume and taper equation systems developed
here. In practice, the estimation of stem diameters and
volumes without bark is required. On the other hand, it
was not possible to compare them with the taper equa-
tions developed by Higuera (1994) because part of his
data was used for fitting and validation in our study. Fi-
nally, it would be advisable to develop and evaluate new
compatible volume and taper systems using other taper
equation forms (Burkhart & Tomé 2012).
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Figure 3. Predicted curve applying the Max & Burkhart (1976) taper model over the relative stem profiles of the validation data.

Curva predicha aplicando el modelo fustal de Max & Burkhart (1976) sobre los perfiles fustales relativos de los datos de validacidn.

CONCLUSIONS

The compatible system derived from the segmen-
ted taper model proposed by Max and Burkhart (1976)
showed comparatively for both tree species a better fit
and predictive performance of stem diameters and total
volume than the compatible system derived for the po-
lynomial taper model proposed by Bruce et al. (1968).
The incorporation of a second-order continuous auto-
regressive error structure CAR(2) reduced considerably
the residual autocorrelation to meet the assumption of
error independence in regression analysis. We conclude
that the compatible system derived from the segmented
taper equation can be applied to the whole geographical
range and site conditions where second-growth forests of
Roble-Hualo are located. In addition, we recommend its
incorporation into forest inventory processing systems for
estimating tree standing volume at the product level.
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